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Abstract:
The aim of this research is to develop a fractional mathematical model of α-order (α), by studying
accurately the rheological behavior of viscoelastic materials by mathematical modelisation using
derivative and integration fractional technique and Laplace transform method. The rheological model
consist of two elements in series: spring introduces elastic material properties, and fractional element
introduces the viscous material properties.
The transform technique and the direct inverse method and asymptotic develop in short and long
times allowed us to obtain all analytical relations required to study the rheological behavior for the
greatest number of viscous elastic materials with minimum number of parameters. All analytical and
numerical results that we could obtain in this research are good and enough for a accurately study for a lot
of polymers by comparing with other results done by a lot of researchers in the material field (domain) in
the experimental studies.
© 2010 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer]
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INTRODUCTION
The rheological behavior of a viscoelastic material is characterized by knowing the distinct function
of viscous and elastic properties of such material, which is essential experimentally material and which is
necessary for the achievement of experimentally is in transit domain long and hard.
From other hand, many of models with one mechanism don't give a sufficient study of the behavior
of polymers and the viscoelastic material of a complexes composition: PVDF 1010 Extrudat,
Polyprepene, polystyrene, polyethylene, … as shown in [1,2,3,5,8,9,10,11,12.19].
In this research, we try to develop a fractional model with two mechanisms, which allow using its
analytical relations by an accurate study of the behavior of these materials.
So the objective of this research is to propose mathematical fractional model with two mechanisms
that gives sufficient accuracy in studying the behavior of greatest number of viscoelastic materials and a
Available online at www.sciencedirect.com
 12 Published by Elsevier Ltd. Selection a d/or peer review under responsibility of The MEDGREEN Society.
Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
 Ali Al Jarbouh /  Energy Procedia  19 ( 2012 )  212 – 225 213
lot of polymers with a least number of parameters, and grading a lot of experimental results in this
domain (field) of materials. This parametrical model depends basically on the theory of technical
fractional derivations and technical fractional integrations [4,13,14,17,18], by using transformation
technique (Laplace and Fourier transform). This work allows getting all of the basic function of
viscoelastic mathematically, especially getting the relaxation modulus and compliance of greep (Fluage)
(modulus of greep compliance).
The model which we are constructing consists of two elements: the first element is a spring which
has the elastically characterizes of material and an element of a fractional type that is characterized by a
viscous properties of material.
The work, in this research, is divided in to three parts:
1. First part: includes the solving of differential equation of α degree of the supposed model
2. Second part: Applications and verification of supposed model.
3. Thrid part: studying and analyzing of Col-Col diagrams in a complex planes.
To verify our model, we treated analytically and numerically four applications in two cases which
are: imposed stresses σ(t) or forces (loads) and imposed deformation (displacement) ε(t). In these two
cases, the four applications utilise to verify the model are:
1") Response to constant loads (Heavisid unit step function in stress) imposed.
2") Response to loads (stresses or forces) as Rampe function imposed.
3") Response to periodical loads (periodical stresses or forces).
4") Response to periodical deformation ε (t) or periodical displacement x (t) imposed.
Concerning the first part (step) of the work, we did the analytical calculation (resolution equations
of supposed model) in two cases: an imposed force σ(t) (imposed stresses) and imposed deformation  ε(t)
(imposed displacement), the mathematical method used in the two cases, to solve the complicated
problem, is the way of transform technique.
In second part (step), we calculated all the analytical relations and the characteristic functions of the
viscoelastic in the three applications used. Also we examined, for different values of parameter α
(0<α<1), the model numerically by the functions of short and long times for the imposed stress in the
premier and second application. Our results for theses two applications in good concordance with the
results of [1,2,4,5,12,17]
The response of periodical loads allowed us to use analytical methods to get two transfer
functions in a complex form. One of them inverse of the other and they are functions of three parameters
0, , (1/ )kα τ η= , and these functions are of cole-cole experimental functions in the complex plan.
In the third part (step), we treated, analytically and numerically, the two relations of transform
functions which we obtained, we found one of them in the complex plan that gives an arc of circle, the
angle between the radius of this circle and real axis is (1 ) / 2ψ α π= − , where as the other relation
gives in a complex plan inversed half straits which form the angle / 2=ψ α π with the real axis. From a
numerical and analytical points view, the relations which we obtained of the two analytical function are
well identical to these relations which are supposed by Col-Col [20] for studying some dielectrically
properties and which are also used in experiments in a viscoelastic domain (field) of complex polymers in
a liquid state and composites of materials [3,5,6,7.10,11,13,14,15,16,19].
I. The Fractional Model of two Mechanisms and Calculating its Analytical Relations.
I.1.General equations of model and its solution by transformation technique
We remind here that many kinds of polymers in a liquid state, geometrically give, in the complex
plan, an arc of a circle that the tangent of Col-Col diagram of a material at the two ends of this diagram
which forms with the real axis the same angle as shown in [1,2,3,4,5,6,7,19]. In the other part, many of
rheological models of one mechanism don't give accurately the behavior of materials that has an arc of
circle in the complex plane. In 1941, Cole-Cole proposed analytical relations for them experimental
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studies in the field (domain) of electrical dielectric and these relations was used in experimental studies in
the field (domain) of polymers for studying the mechanical properties of these materials, especially in the
study of relaxation and compliance of greep (Fluage) phenomena. Figure (1) gives the geometry of the
propose model with two mechanisms in series. If we suppose a system with applied forces σ(t)
proportional with speed of α degree, then the equation of such system of model with two mechanism as
follows:
1 ( ) ( ) ( )+ =tk D t k t t
α ε ε σ (1)
If we suppose in equation (1) 1 0( / ) 1 /= =k k
ατ ω , we find (1) takes the following form:
( ) ( ) (1/ ) ( )+ =tD t t k t
α ατ ε ε σ (2)
where ( )tD t
αε is the operator of fractional differential of α degree to generalized deformation or the
speed of deformation of α degree and symbolized for that symbol e(α)(t). In the special case of α=1, the
equation (2) takes the form: 1 ( ) ( ) (1 / ) ( )+ =tD t t k tε ε σ
Generally we are Interested in this research only with case of 0<α<1 for ensure the convergence in
the fractional integrals of the equation (2), and we remind here that we are studying in this paper only the
case of the forces or stresses imposed to the input of the system and calculate the deformation or
displacements resulting from the output of the system. In particular case where the deformation or
displacement imposed to the input of the system have been studied by many researchers[1,2,
3,4,5,6,7,8,9,10,11,12,13,19].
I.2.Forces or Stresses σ(t) Imposed: In this case, using transfer technique, the relations of fractional
derivatives and their integration, we obtain the following algebraic equation
( ) (1/ ){1/[1 ( ) ]} ( )= +x p k p tατ σ (3)
where p = iω the variable of Laplace. To obtain ε(t) of the equation (3), we use, with the inverse transfer
of technique and the theory of fractional derivatives and integrals, different methods : the inverse direct
method, the development asymptotic in the short and long times. Using the inverse transfer of technique
on the equation (2), taking in to account the theory of the development asymptotic in the fractional
derivatives and integrals, we find, after complex calculations, the following equation:
1 2 1 3 1
1 2 3
0 0 0
( ) (1/ ) ( ) ( ) ( ) ......− − −= − − − + −
⎡ ⎤⎢ ⎥⎣ ⎦∫ ∫ ∫
t t t
t k a t d a t d a t dα α ααε ζ σ ζ ζ ζ σ ζ ζ ζ σ ζ ζ (4)
In long times (t →∞ ), on obtain:
1 2 1 3 1
1 2 3
0 0 0
( ) (1/ ) ( ) ( ) ( ) ......
∞ ∞ ∞
− − −
= − − − + −
⎡ ⎤⎢ ⎥⎣ ⎦∫ ∫ ∫t k a t d a t d a t d
α α α
αε ζ σ ζ ζ ζ σ ζ ζ ζ σ ζ ζ (5)
where: 2 31 2 31 / ( ) , 1 / (2 ) , 1 / (3 ) , .....a a a
α α ατ α τ α τ α= Γ = Γ = Γ
I.3. deformations ε(t) or displacements imposed
In this case, the equation (2) takes the following form:
(1/ ) ( ) ( ) ( )= +tk t D t t
α ασ τ ε ε (6)
Applying the inverse transfer of technique, we find the following expression of stresses:
0
1 ( )
( ) ( )
(1 )
−
= +
Γ − ∫
td t
t d t
k dt
α
α
τ ε ζ
σ ζ ε
α ζ
(7)
For t →∞ , the equation (7) takes the form:
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0
1 ( )
( ) ( )
(1 )
∞
−
= +
Γ − ∫
d t
t d t
k dt
α
α
τ ε ζ
σ ζ ε
α ζ
(8)
I.4. Researches of the Greep (Fluage) Function f (t) from the Transfer Function f*(p):
From the algebraic equation (3), we find that the transfer functions f*(p):
* ( ) 1/(1 ( ) )= +f p p ατ (9)
To obtain the function f(t) from the function f*(p )we use, in the transfer technique, the following
methods: the inverse of direct and the development of asymptotic method in the short and long times.
I.4.1.The Inverse of Direct Method:
To obtain the original function f(t) from the transfer function f*(p), we apply the inverses transfer
technique and its integrations with concerning the theory of the complex analysis. Then after we get the
analytical calculation, we obtain the analytical of basic relation that gives the function f(t):
/ /
1 1 1 1
0
sin
( ) ( 1) (1.1 , / ) (1,1 , / ) (1 )( / )
∞
−
=
= − + + − − Γ −⎡ ⎤⎣ ⎦∑t j t j
j
j
f t e F j t F j t e j t
j
τ τ ααπ α τ α τ α τ
απ
(10)
The relation (10) is Acceptable if 1 / qα ≠ ; where q a number in entire. When α=1/q, we get the
following relationship:
/
1 1 ( 1)
1 1
1
( / )
( ) ( 1) ( / ,1 / , ( 1) / ) ( / )
(1 / )
∞
− + −
=
= − + −
Γ +
⎡ ⎤⎣ ⎦∑
q
j q
j q
j
t
f t F j q j q t e t
j q
τ
τ τ (11)
in the case of 2q = , we get : /( ) 1 1 /tf t e Erf tτ τ− ⎡ ⎤= − −⎣ ⎦ (12)
Erf(x) is the error function. Relations (10), (11), (12) are translated accurately enough the greep function.
I.4.2 The development of asymptotical method in the short and long times:
Using the development of Heavisid, in the transfer technique with utilization the fractional
derivatives and fractional integrals, we get the original function of f*(p) in the short and long times:
1-In short times we find:
0
( ) ( 1) ( / ) [1/ ( 1)]
∞
+
=
= − Γ + +∑ j j
j
f t t jα ατ α α (13)
2-In long times, we find:
0
( ) 1 ( 1) (sin / ) ( ) ( / )j j
j
f t j j j t ααπ απ α τ
∞
−
=
= − − Γ∑ (14)
II. Applications of Model with Tow Mechanisms:
II.1. The first application: Response to constant Loads
Practically constant loads can be described as function Heavisid ( )H t , physically appear to be the
problem of greep (Fluage): 0( ) ( )=t H tσ σ (15)
when α=0, (the case of elasticity) the response is:
0 0( ) ( / ) ( ) / 0 ( ) 0 0= = > = <t k H t k if t and t if tε σ σ ε (16)
For very short response times (t→0), when we apply the input of system to model constant loads
σ(t)=σ0 H(t), the deformations ε(t) are increased (augment) rapidly and takes a constant value σ0/k when
→ ∞t , as shown on figure (2). We not here, if α=0 the material is complement elastic. when α=1 (case
of viscosity), the equation (2) take the following form:
( / ) ( ) (1/ ) ( )+ =d dt t k tτ ε ε σ (17)
in this case (α=1) the material is complement viscous
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Fig.2: Deformation in Function of Times, α=0 Fig.1 Fractional of Model in series
applying the Laplace transform, we obtain the following algebraic equation:
0( ) ( / )[1 /(1 ) ] ;= + =p k p p p iε σ τ ω (18)
and using the direct of inverse method, we obtain the following deformations:
/
0( ) ( / )[1 ]
−
= −
tt f k e τε (19)
on the figure (3), we present the variation of deformation ε(t) in function of time, and we note that ε(t)
increased rapidly from zero and takes the constant value σ0/k in long time. In this case, the function of
greep is: /0( ) ( / ) ( ) 1
−
= = −
tV t k t e τσ ε (20)
Our results, for α=0, α=1, are in accord with the experimental results of [4,5,12,19] in this field.
Fig.3 Variation of Deformation
0( / )ε ε in Function of t/
In the general case 0<α<1 (case the material is viscoelastic), and using the direct inverse method in
the inverse Laplace transfer and by utilization the theory of fractional derivative and fractional
integration, we obtain, after the very complex calculation, the following relation of deformation:
1 1/
0 /
0 1 1
(1.1 , / )sin( ) ( / ) ( 1)
(1,1 , / ) (1 )( / )
t j
t j
j
F j tjt e k
F j t e j tj
τ
τ α
α ταπ
ε σ
α τ α ταπ
∞
−
=
+ +⎡ ⎤
= − ⎢ ⎥
− − Γ −⎢ ⎥⎣ ⎦∑
(21)
From (21), In short times, the rheological behavior of material are characteristic by the following relation:
0
0
( ) ( / ) ( 1) [( / ) / ( 1]
∞
+
=
= − Γ + +∑ j j
j
t f k t jα ααε τ α α (22)
and in the long times, we obtain the analytic relationship that characterize the rheological behavior of the
0
0
sin
( ) ( / ) 1 ( 1) ( / ) ( )j j
j
j
t f k t j
j
α
α
απ
ε τ α
απ
∞
−
=
= − − Γ
⎡ ⎤⎢ ⎥⎣ ⎦∑ (23)
On the figure (4), we give the study of variation
0( / )ε ε in function of time for different values of
the parameter α. The calculations had been done by transferring t/τ in very short times from 0 to 1.
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All the values had been calculated by taking 20 terms of a series of solutions in (22). We indicate here
that from this sum and above, the points takes constant values 0.632120558. On the figure (5), we gives
the variation of
0( / )ε ε in long times for 20 terms of a series of solution (23). Our results for α = 1 and
α=0 are in accord with the experimental results of Villermaux and Rabotnov [5, 12].
Fig.4 Variation of Deformation
0( / )ε ε  in function of short times t/τ.
Fig.5 Variation of Deformation
0( / )ε ε in function of long times t/τ
Variation of deformation log
0( / )ε ε in short and long times, t/ vary from
1010 − to 1010 +
II.2. Second Application: Response to loads in the form of Rampe Function
The force applied on the input of a system model of the form: ( ) ( )=t a t H tσ (23)
If the parameter α=0 (case of complement elastic), the equation (2) gives the following response:
0( / ) ( / ) ( ) ; 0= >a t k H t tε ε τ (24)
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On the figure (6), we give the variation of ε/εo in function of time t/τ for α=0.
If the parameter α=1 (case of complement viscosity), equation (2) gives:
( / ) ( ) (1/ ) ( )+ =d dt t k tτ ε ε σ (25)
the Laplace transform gives us: ( ) ( / ) ( )=p a k pε σ (26)
where ( )pσ is the function of transfer: 2( ) 1/(1 )= +p p pσ τ (27)
by using the inverse transfer technique, we find the following solution:
/( ) ( / )[ (1 )]−= − − tt a k t e τε τ (28)
Assuming that e(t) the difference between the input signal and output signal of the system of model in the
field of transfer, we have:
2
0
( ) [( / ) /(1 ) ] ( ) /(1 ) , lim ( ) lim ( ) lim( /(1 )
t p p
E p a p a p p a p p e t pE p a p aτ τ τ τ τ τ τ
→∞ →∞ →
= − + = + = = + = (29)
the relationship (29) show that the dynamic error (error delay) end-to-value . From figure (7) we notice
that the deformations increasing from zero and we note that the tangent to the curve, for α=1, takes the
same value of the tangent at the point of origin o for α=0 when ( / )t τ →∞. In the relationship (28), when
the time tends to infinity, the / 0− →te τ and in this case we find:
( ) ( / )( )= −t a k tε τ (30)
and when ( / )t τ → ∞ , all the curves go to infinity in parallel. All our results, for α=0 and α=1 in accord
with the [1,2,3,4,5,12].
Fig 7: Variation of Deformation
0( / )ε ε Fig.6: Response to Rampe, α=0
In the general case 0 1< <α , and by using the inverse transfer technique, we get the following
relations of deformation (t) :
1")In the short times:
1
0
( / )
( ) ( / ) ( 1)
( 2)
j
j
j
t
t at k
j
α α
α
τ
ε
α α
+ +
∞
=
= −
Γ + +
∑ (31)
2")In the long times: 1
1
sin
( ) ( / ) 1 ( 1) ( 2)( / )j j
j
j
t at k j t
j
α
α
π α
ε α τ
απ
∞
− −
=
= − − Γ +⎡ ⎤⎢ ⎥⎣ ⎦∑ (32)
On the figure (8), we gives the variation of
0( / )ε ε in function of short time t/τ from 0 to 1. All the
calculations were to take the 20 terms of a series of solutions in the relations (31) and (32), the figure (9)
present variation of the deformation ε(t/) in long times from 0 to 10 for different values of parameter α.
We note here, All the curves of
0( / )ε ε , after certain times t/, go to infinity in parallel when ( / )t τ → ∞
and the difference middle between the points of curves are stables, e  0.022 when ( / )t τ → ∞ .
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Fig.9 variation of
0( / )ε ε in long times 0< α <1 Fig.8: variation of 0( / )ε ε  in short times 0< α <1
II.3. Third Application: The Response to Periodical loads
Model system to put under the influence of dynamic experience (input of system is the periodic
loads) .Apply to any input of the system periodic loads: 0( ) =
i tt e ωσ σ (33)
In this case, the equation (2) takes the form: 0( ) ( ) ( / )+ =
i t
tD t t k e
α α ωτ ε ε σ (34)
in special case α=0, we find that the output of the system is: 0( ) ( / )=
i tt k e ωε σ (35)
and if α=0, we find that the output of the system gives the following equation:
1
0( ) ( ) ( / )+ =
i t
tD t t k e
ωτ ε ε σ (36)
the Laplace transform on (36) gives the following algebraic equation:
0( ) [( / ) /(1 )] ( )p k p pε σ τ σ= + (37)
Since ( )pσ is the Laplace transform of the stresses function σ(t). By using the method of inverse
direct, we obtain, after the calculations, the following access expression of deformation (t):
0( ) ( / ) ( ,1)=
i tt k m e ωε σ ωτ (38)
where m(ωτ,1) is function of type Cole - Cole: ( ,1) [1/(1 )]= + = im i g e φωτ ωτ (39)
Where g and φ are the Gain and the dephase: 21/ 1 ( ) , arctgg ωτ φ ωτ= + = − (40)
simple calculations show that the angle of dephase tends to -90o for high frequencies, while g vary such
as 1/ωτ. On the figure (10), we give a diagram of semi-circle. The transfer of function m (ωτ,1)
calculated is compatible with what was imposed by the Cole -Cole in the experimental study of dielectric
and study of Villermaux [5, 12,19] in field of material. On the figures (11) and(12) we gives the curves
of variation |g| and the dephase φ in varying ωτ from 0.0001 to 10x105Hz. All our results are compatible
with[1,2,3,5,12,19,20], and we note that: 0
0 0
lim 0 , lim 1 , lim 0 , lim 90
→∞ → → →∞
= = = = −g g
ωτ ωτ ωτ ωτ
φ φ
Fig.10: Diagram of Cole-Cole, Semi-Circle, α= 1
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Fig. 11: The g Ends to Zero for Very high Frequencies Fig. 12: The Response Frequencies where φ tends to -90o
In general case 0<α<1 and apply the inverse Laplace transform and the theory of fractional
derivatives and integrals, taking into consideration the theory of complexes analysis, we find
that equation(34) takes the following algebraic form:
0( ) ( / ) ( , ) ( ) ;p k m p F p p iε σ α ω= = (41)
Where ( )pσ is the Laplace transform of ( ) = i tt e ωσ . And since a ia / 2i e π= , we find that the transfer
functions m(p,α) takes the following form: / 2( , ) 1/[1 ] ;Ω = + Ω Ω =im eα απα ωτ (42)
In this case, we note that the transfer function m(Ω,α)has two parts of which it is a real modulus dynamic
elastic and imaginary part of which is also the modulus dynamic viscosity of the material. The
relationship (42) which we have obtained by mathematical analysis of the transfer technique is very
similar to the relationship proposed by scientists Cole-Cole [20] and which were later used by
many researchers in the study of the mechanical properties of polymers materials. We note here that the
previous two special cases α=0and α=1 can get them directly from the relationship (42) and (41), and we
also note that the input of system has the same frequency as the output of system, but it is dephase by
dephasing angle / 2=δ απ . By using the inverse transfer technique on the equation (41), so we by using
the inverse transfer technique on the equation (41), we obtain the real and imaginary parts of ( )tαε :
0 1 2
1 20
Re[ ( )] ( / )[ ( , ) cos( ) ( , ) sin( )]
Im[ ( )] ( / )[ ( , ) sin( ) ( , ) cos( )]
= +
= −
x t f k S t S t
x t f k S t S t
α
α
ωτ δ ω ωτ δ ω
ωτ δ ω ωτ δ ω
(43)
where S2, S1, S2, S1 are functions of ωτ and parameter α. Of the relation (42) we get |g| and φ, we find:
21 / 1 2( ) cos / 2 ( ) , [( ) sin / 2] /[1 ( ) cos / 2]g A rc tgα α α αω τ απ ω τ φ ωτ απ ωτ απ= + + = + (44)
We note that when 0→ωτ or → ∞ωτ , then 1→g and 0→g . On the figure (13), we give
the variation of |g|. The frequencies in the numerical calculations vary from 0.01 Hz to 500 Hz
for different values of α.
Fig. 13: of variation g , ω τ vary
from 0.01Hz to 500 Hz
for different values of α
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II.4. Fourth Application: The Response to periodic deformation imposed:
The problem of the deformation or displacement 0( ) =
i tt e ωε ε periodic imposed is simple, and it is
have been treated, by many researchers [6,7,8,9,10,11,12,19], we don't treat this problem here, but we
give some analytical relations which we have obtained the application of transfer technique and the
inverse of the Laplace transform. In this case the equation (34) takes the following form where the
input system of model is ε(t), After certain calculations, we find:
0( ) ( , ) exp( ) ( , ) ( )= =t k M i t k M tσ ε ωτ δ ω ωτ δ ε ; ( , ) ( , ) 1 ; / 2⋅ = =M mωτ δ ωτ δ δ α π (46)
where M( ωτ ,δ ) is the function inverse of the function m( ωτ , δ ). Since the transfer function m( ωτ , δ )
gives arcs of circles In the plane (',"), then the transfer function inverse M( ωτ ,δ ) gives the half-lines
in the complex plane inverse (F ', F "), as we shall see later in this research.
III. Analysis of Cole-Cole in the complex plane:
III.1.Analytical Expressions in the Complexes Plans
We note here that if the input of the system to model is periodic loads from the form 0( ) =
i tt e ωσ σ ,
then the transfer function m( ωτ , δ ) is:
/ 2( , ) 1/[1 ] ;Ω = + Ω Ω =im eα απα ωτ (47)
that's a complex, if we symbolizing by the symbol *η (viscosity complex) to this function, after the hit
by 1/k, we find:
*
0(1/ ) ( , ) ' " ; 1/= = − =k m i kη ωτ δ η η η (48)
where 'η and "η are the real and imaginary parts of the viscosity complex *η :
2 2
1 1 ( ) cos / 2 1 ( ) sin / 2
' , "
1 2( ) cos / 2 ( ) 1 2( ) cos / 2 ( )
+
= =
+ + + +k k
α α
α α α α
ωτ απ ωτ απ
η η
ωτ απ ωτ ωτ απ ωτ
(49)
if the input of system to model is the periodic deformation ε(t), we find:
*
0( ) ( , ) ' " ; 1/= = − =F t k M F i F kωτ δ η (50)
Since 'F and "F are the real parts 'F and imaginary part "F of the compliance complex F *, where
either: ' [1 ( ) cos / 2 ] , " ( ) sin / 2= + =F k F kα αωτ απ ωτ απ (51)
The relationship (49) gives in the complex plane ( ', ")η η arcs of circles so that makes the radius of
each of them with the real axis angle (1 ) / 2= −ψ α π . While the relationship (50) gives in the complex
plane inverse ( ', ")F F half-lines so that they are made with the real axis angle: / 2=ψ α π  . 
III.2.Determination Rabotnov Circle in the Complex Plane, the Presentation of Cole- Cole Diagrams
It is useful here that we set the Rabotnov analytical circle after obtaining the analytical relations,
note that the Rabotnov has been appointed this circle experimentally. This circle gives the diagrams of
Cole-Cole accurately. Suppose in the relation (49) that: 21 2( ) cos / 2 ( )= + +D α αωτ απ ωτ (52)
we find that (49) takes the following form:
' 1 ( ) cos / 2 , '' ( ) sin / 2= + =kD kDα αη ωτ απ η ωτ απ (53)
(53) gives, by the transfer technique, the relation :
' (1/ ) ''/ / 2− =kD tgη η απ (54)
where we have: ' ' , '' ''= =r rk kη η η η
2 2(1/ ) ' ''= +kD η η (55)
if we replace (55) in (54), we obtain, after calculations, the following equation:
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2 2 2[ ' 1/ 2] [ '' 1/ 2 / 2] 1/ 4sin / 2− + − =tgη η απ απ (56)
the equation (56) in the complex plane is a sum of circles for different values of parameter α , where the
centre of these circles is [1/ 2 ,1/ 2 ( / 2)]C tg απ and the radius is 1 / 2 s in / 2=R α π .
III.3.Determination of the angleψ in function of the parameterα and 0 1/= kη
angle ψ is the angle made by the half diameter circle of Rabotnov [ 3,12,19 ] in the complex
plane with the real axis of this complex plan, and its determination is to vary ωτ from zero to ∞ with
constant values of parameter α. Suppose that :
' (1/ 2)[1 cos / ] , '' (1/ 2)[1 sin / ] , sin / 2= + = + =r rx x xη ψ η ψ απ (57)
so we have a reduced of complex plane and here we find:
1") If the 00 ( / ) 0= ⇒ = =ω ωτ ω ω , and from it we find: ' ' , '' ''= =r rk kη η η η (58)
of these equations, we find that the angleψ is: (1 ) / 2ψ α π= − (59)
2") if 1ω = , we find in this case:
(1/ 2) (1/ 2) (cos / 2sin / 2) , ( / 2) ( 1/ 2 / 2) (sin / 2sin / 2)= + = − +tg tgψ απ απ απ ψ απ (60)
from that: / 2ψ απ= .
3") If 0( / )= ∞ ⇒ = → ∞ω ωτ ω ω  , we find in this case :
0 (1/ 2) cos / 2sin / 2 , 0 1 ( / 2) sin / 2sin / 2= + = − + tgψ απ απ ψ απ (61)
the expression (60), after many calculations, give the angle: (1 ) / 2= +ψ α π and by taking the inverse
study, we can calculate the angle ψ between the half-lines in the complex plane ( ', ")F F and the real
axis, where we find: ( / 2) t ( '/ ") (2/ ) t ( "/ ')Arc g F F Arc g F Fψ απ α π= = ⇒ = . With regard to the
appointment of the parameter of viscosity limit at the frequencies null 0 1/= kη , it can be determine
from the arc of circle in the complex plane ( ', ")η η ( directly from diagrams Cole-cole).
0 2 cos 2 cos(1 ) / 2 ; (1 ) / 2= = − = −R Rη ψ α π ψ α π
III.4. Presentation of Cole-Cole in the complex plane ( ', ")η η and ( ', ")F F .
The figures (14) and (15), presents the variation curves of the real and imaginary parts of the
dephase deformations by angle / 2δ α π= as a function of times and for different values of parameter
α for different values of ω from 0.05244 to 210.1328 experimental field of Guillet [19] concern the
polymers of PVDF Extrudat 1010 for assure the validity of proposed model. We note here in the practical
application, *η is the viscosity complex of material. Also, *F is the fluidity complex [1,2,3,4,5,12,19].
The figures (16) and (17), presents the variation ' and " of proposed model for different values of ω
from 8 810 10to− + . The figure (18) and (19) presents the comparison between the experiment curves of
Guillet for polymer PVDF Extrudat 1010 with 0 424458.49η = poise and the curve our results of proposed
model ( α = 0.5)for 	
   ' and ". The figure (20) present in plane complex ( ', ")η η diagrams
Cole-Cole of proposed model for different values of α and ω   experimental field  0.05244 to
210.1328. *F gives in the complex plane inverse ( ', ")F F half-lines are made with the real axis
'F angle / 2ψ απ= .
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Fig. 15 variation of η" for different values of α Fig. 14 variation of η' for different values of α
Fig. 17 variation of η" for different values of α Fig. 16 variation of η' for different values of α
Fig. 19 Curve exp. and curve of proposed model Fig. 18 Curve exp. and curve of proposed model
224   Ali Al Jarbouh /  Energy Procedia  19 ( 2012 )  212 – 225 
Fig.20 Diagrams Cole-Cole in plane ( ', ").η η our results of proposed model
Conclusion
In this research, we studied the rheological behavior of materials with mathematical modeling
technique using fractional derivatives of α degree where 0<α<1. For this purpose we have formed
rheological model of distinctive with rheological differential equation of fractional type of α degree. By
using the transfer technique of Laplace we were able to solve the differential equations of the model,
which led us to obtain all the analytical relations of the supposed model, which allows a thorough
studying of all the properties of viscous and elastic materials.
Two cases were dealt with in this research: Stresses or forces σ(t) are imposed, deformation ε(t)
imposed. In the first case, applied to the model, we calculate all the relationships that allow for
studying the variation of deformation in the short and long times. In case where the deformation is
imposed, we calculate all the relations of stresses σ (t).
Three applications studied in this research to ensure the validity of the model should apply, namely:
1- Respond to the constant loads, 2 -Respond to the loads Rampe, 3- Respond to periodic loads. This
study allowed us to accurately obtain the two analytical relations similar to those imposed by Cole - Cole
in the experimental study of properties dielectric, and which were later used by researchers in the domain
of experimental studies in the field of viscoelastic materials. The analytical relations we have obtained, by
the mathematical analysis, in the respond to the periodic loads are: *η viscosity complex and *F fluidity
Complex.
0, ,α τ η are the parameters of the model proposed and witch have been calculated analytically
in this research accurately. *η Translates the complex viscosity and present the curves of Cole-Cole in
the complex plane ( ', " )η η witch that are arcs of circles and are made half diameter with the real axis
'η the angle (1 ) / 2ψ α π= − . *F is the fluidity complex and present in the complex plane inverse (F ', F ")
half-lines are made with the real axis 'F angle / 2 ; 0 1ψ απ α= ≤ ≤ .
Finally, our study in this research and by utilization transfer technique and using the fractional
derivative technique allowed us to obtain a fractional model gives all the analytical relations witch
allowed us to obtain the accuracy study of many types of polymers with good results and sufficient,
compared with the results of experiments in the field (domain) study of viscoelastic material.
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